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FUZZY INFORMATION AGGREGATION IN INSURANCE

Abstract. The uncertainty faced by insurance companies may include
various aspects, such as the possibility of partial withdrawal in a life insurance
which leads to a liquidity risk, or health care benefits claims. Acting in a
competitive market is another source of uncertainty as the insurer characteristics
may be essential in being preferred by a possible client. Thus, in real-life, there are
many situations in which the information cannot be assessed precisely in
numerical values. Fuzzy phenomena exist in nature and are encountered within
human society. The notion of a fuzzy set has been introduced by L. A. Zadeh in
1965 and has been since developed in many directions. As well, researchers and
practitioners have identified applications in many fields. In this paper, we assume
that the characteristics of the insurance products with respect to the attribute are
represented by intuitionistic fuzzy numbers. The purpose of this paper is to develop
an aggregation procedure based on a weighted intuitionistic fuzzy Bonferroni
mean and an aggregation procedure introduced by Xu and Yager in 2011, for the
multi-attribute decision making and selection of the insurance product.

Key words:fuzzy number,fuzzy set, intuitionistic fuzzy set, intuitionistic
fuzzy Bonferroni mean, generalized fuzzy aggregation operator.

JEL Classification:C020, G230, G320.
1. Introduction

Fuzzy phenomena exist in nature and are encountered within human society. In
real-life, there are many situations in which the information cannot be assessed
precisely in numerical values.

Fuzzy sets and fuzzy logic are used for modeling imprecise modes of
reasoning that play an essential role in the remarkable human ability to make
rational decisions in an environment of uncertainty and imprecision. In the real
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world applications, membership functions are usually formed based on by the
user’s intuition. The notion of a fuzzy set has been introduced by L. A. Zadeh in
1965 in order to formalize concepts, in connection with the representation of
human natural language and computing with words. A fuzzy set can be defined
mathematically by assigning to each possible individual in the universe of
discourse a value representing its grade of membership in the fuzzy set. Atanassov
(1986) introduced the concept of intuitionistic fuzzy set as a generalization of
fuzzy set. He added in the definition of the fuzzy set a new component which
determines the degree of non-membership.

The Universal Life policy is a complex product for the insurer. The flexibility
granted to the policyholder involves many risks. Thus, it is difficult to predict
future profits, due to the uncertainty on the premium level. The possibility of
partial withdrawal determines a liquidity risk, therefore it is difficult to match the
liabilities with appropriate assets, and so on. The product can be very attractive.
The insurer can try to gain the loyalty of the policyholder by means of designing an
insurance package which provides capital protection and other insurance benefits
during the working life of the insured, and then pension benefits after retirement.
Health insurance benefits can also be included in policy: accident insurance,
disability benefits, hospitalization benefits, and so on.

Recently, some researchers have proposed many aggregation operators for
multiple attribute decision making problems. Torra (2010) introduced the concept
of hesitant fuzzy set, which is a generalization of the concept of fuzzy set. He
studied the relationship with intuitionistic fuzzy set, and proved that the envelope
of the hesitant fuzzy sets is an intuitionistic fuzzy set. Xia and Xu (2011)
developed some operators for aggregating hesitant fuzzy information, such as
hesitant fuzzy weighted averaging operator, hesitant fuzzy weighted geometric
operator, generalized hesitant fuzzy weighted averaging operator, etc. Xu and
Yager (2011) developed some operators for aggregating intuitionistic fuzzy
information, such as weighted intuitionistic fuzzy Bonferroni mean operator. Chen
et al. (2013) introduced a new type of fuzzy preference structure, called interval-
valued hesitant preference relation, and they gave systematic aggregation operators
to aggregate interval-valued hesitant fuzzy information. Mihet and Zaharia (2014)
gave a generalization of the notion of fuzzy normed space. Gong and Hai (2016)
derived some further properties of convex and quasi-convex fuzzy number-valued
function, which are useful for fuzzy optimization.

In this paper, we develop an approach based on the proposed aggregation
operators to multiple attribute decision making. Finally, an illustrative example is
given to show the developed method. In order to this, the remainder of the paper is
structured as follows. Section 2 introduces the basic concepts of fuzzy set, fuzzy
number, intuitionistic fuzzy set, intuitionistic fuzzy number, and some operational
laws of intuitionistic fuzzy numbers (IFNs). Section 3 presents some aggregate
operators with intuitionistic fuzzy information. The novel method for decision
making with intuitionistic fuzzy information based on the given operators is
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introduced in the last part of this section. Section 4 presents a numerical example,
and the last section includes some concluding remarks.

2. Basic concepts

A crisp set is a regular set and a crisp number is a real number. In fuzzy logic it
is allowed for truth values to be any number in the interval [0, 1].

Definition 1. (Zadeh, 1965) Let X be a fixed set. Then F = {{x, ur(x))|x € X}is
called a fuzzy set, where ug:X — [0,1] is the membership function of F, and
ur(x) indicates the membership degree of the element x to F.

In order to determine the algebra of fuzzy subsets of X, we have to specify the
intersection and union. Let A and B be two fuzzy sets. Then the intersection isC =
A n B, where the value of u-(x) will be a function of the two values pu4(x)and
ug (x). This unknown function will be i(a, b), with a,b € [0, 1]. Thus, u-(x) =
i(ua(x), up(x)), for all x in X, defines the membership function of C. Possible
choices for i(a, b) could bei(a, b) = ab, i(a, b) = min(a, b),

i(a,b) = ymax(0,a? + b2 — 1).
The functions used for intersection of fuzzy sets are called t-norms.
Let R be the set of all real numbers and R* the set of all positive real numbers.

Definition 2. A t-norm T is a function y = T'(a, b), where a, b,y € [0, 1], having
the following properties:

i) T(a, 1) =a;

i) T(a,b) =T(b,a);

iii) if b < ¢, then T(a, b) < T(a,c);

iv) T(a, T(b, c)) = T(T(a,b),c).

The basic t-norms areT;,, (a, b) = min(a, b), T, (a, b) = max(0,a + b — 1),
a, ifb=1
T,(a,b) = ab,T*(a,b) =ib, ifa=1.
0, otherwise
Tis called standard intersection, T}, is bounded sum, T,, is algebraic product,

and T* is drastic intersection.
Remark 1.

i) T*(a,b) £Ty(a,b) <T,(a,b) < Ty(a,b), forall a, bin [0,1].
ii) If Tisany t-norm, then T*(a,b) < T(a,b) < T,,,(a, b).
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Let A and B be two fuzzy sets. Then the union is D = A U B, where the value
of up(x) will be a function of the two values u,(x) and ug(x). Let this function
be u(a,b), with a,b € [0, 1]. Thus, up(x) = u(ps(x) ,up(x)), for all x in X,
defines the membership function of D. Choices for u(a, b) could be u(a, b) = a +
b — ab, u(a, b) = max(a, b), and u(a, b) = min(1, Va2 + b?).

The functions used for union are called t-conorms.

Definition 3. A t-conormU is a function z = U(a, b), where a, b, z € [0, 1], having
the following properties:
i) U(a0) =aq;
i) U(a,b) =U(b,a);
iii) if b < c, then U(a,b) < U(q,c);
iv) U(a, U(b, c)) = U(U(a,b),c).
The basic t-conorms areU,,,(a, b) = max(a, b), Uy(a,b) = min(1,a + b),
a ifb=0
Up(a,b) =a+b—ab,U"(a,b) ={b, ifa=0.
1, otherwise
Un,is called standard union, U, is bounded sum, U, is algebraic sum and U™ is
drastic union.

Remark 2.
i) Un(a,b) <Uy(a,b) <Uy(a,b) < U*(a,b), forall a, bin [0,1].
ii) If U is any t-conorm, then U,,(a,b) < U(a,b) < U*(a, b).

One of the general union function is Yager’s union function defined as:
U, (a,b) = min [1, (a¥ + bw)%], where w € (0, ). For instance, w = 1 leads to
U,(a,b) = min(1,a + b), that is, the bounded sum. For a,b € (0,1), a < b, note
that x(w) = (a¥ + b™)w.

We obtain

) . a¥Ilna+b"YInb
lim Inx(w) = lim —
wooo woe  @" + b¥

(a/b)YIna +1Inb

= o /b)Y 1
=Inb,
thus lim x(b) = b = max(a, b). Similarly, it can be proven for the another case.
W —>00
Therefore lim U, (a,b) = max(a,b).
W—00

Proposition 1.Assuming thatw — oo, Yager union function is transformed into the
standard union function.

38



Fuzzy Information Aggregation in Insurance

In practice one usually uses a pair of T and U which are dual. T and U are dual
when T(a,b) =1-U(1 —a,1-b), U(a,b) =1—-T({1 —a,1—b). Using the
associativity property of T and U, we define T (a4, a,, ..., ay)and U(aq, ay, ..., a,),
fora; €[0,1],1 <i<n,as

T, (aq,a,, ...,a,) = min(a,, a,, ..., a,),
Un(ay,as, ..., a,) = max(aq, ay, ..., a,),
Ty(ay,ay, ..., a,) = max(0, X a; —n+1),
Ub(al, ay, ..., an) = min(1,2?=1 al-),

Tp(ay, az, ..., an) = aja; -+ ap,
n

Up(ay,az, ..., an) = z a; — z a;a;
i=1 1<i<jsn
+ Yasicj<ken @;A;Ax +... +(=D" 'aya; - ay.
Considering Yager union function, we have

T,(@,b) = 1 —min[1,((1 — @) + (1 - b)*)w]
andlim,, _,, T,y (a, b) = min(a, b).

Proposition 2.If w — oo, then the function T,, converges to the standard
intersection function.

The concepts of @-normed space and fuzzy ¢-normed space were introduced
as generalizations of those of normed space and fuzzy normed space, by
considering an appropriate function ¢ in the homogeneity axiom. @:R — Ris a
function with the properties:

i) @(—t) = @(t) forevery t € R,

i) (1) =1,

iii) gis strictly increasing and continuous on [0,00), ¢(0) = 0 and
fim (0) = o

Definition 4. (Atanassov, 1986) An intuitionistic fuzzy set (IFS) is an object

A = {{x, pa(x), v4())|x € X}
which is characterized by a membership function p,:X — [0,1], and a non-
membership function v,4: X — [0,1] with the condition: 0 < p,(x) +v,(x) < 1,
for all x € X, where u, (x) is the membership degree of x in A, and v, (x) represent
the non-membership degree of x in A.

For each IFS A in X, if
ma(x) =1 — py(x) —vy(x), forall x € X,
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thenm, (x) is called an indeterminancy degree (hesitancy degree or intuitionistic
index) of x in A. In particular, if m,(x) =0, for all x € X, then A reduces to
Zadeh’s fuzzy set.

For convenience, a = (ug,v,) is an intuitionistic fuzzy number (IFN) or an
intuitionistic fuzzy value (IFV), where u, € [0,1], v, € [0,1], ug+v, < 1. Let us
consider @ be the set of all IFNs. For any IFN a = (ug, v, ), the score of a can be
evaluated by the score function s defined as s(a) = u, — v,, Where s(a) €
[—1,1]. The larger the score s(a), then the larger the IFN a. Clearly, a* = (1,0) is
the largest IFN, and a~ = (0,1) is the smallest IFN. It is defined an accuracy
function h: h(a) = u, + vg, Where h(a) is the accuracy degree of the IFN a =
(e Va)-

3. Aggregate operators with fuzzy information

A method for comparison and ranking of two IFNs is based on the score
function s and the accuracy function h.

Definition 5. Let a; = (4a,,Ve,) and @y = (4a, va,) be two IFNs, the score
function s and the accuracy function h. Then:
o Ifs(a;) < s(ay), then the IFN a; is smaller than the IFN «,, denoted a; < a,.
e Ifs(a;) = s(ay), then
1) If h(a;) = h(a,), the IFNs a; and a, are equal, denoteda; = ay;
2) If h(ay) < h(ay), the IFN a4 is smaller than the IFN «a,, denoted a; < ay;
3) If h(ay) > h(ay), the IFN a; is larger than the IFN «,, denoted a; > a5.
e If s(a;) > s(ay), then the IFN a; is larger than the IFN «,, denoted a; > a;.

An interesting research topic is “how to aggregate a collection of IFNs without
any loss of information”.

Definition 6.Let aj,j=12,..,n, be a collection of real numbers, w =
(w1, w3, ..., wy) is the weight vector of a; numbers, with w; € [0,1],j = 1,2, ...,n,
and Z?=1 wj =1, and WA:R" — R. If WA, (ay,ay, ...,a,) = Z};l wj - a;, then
the function WA is called a weighted averaging operator.

Definition 7. Let WG,: (R)™ — R*. If WG, (ay,az, ..., an) = [T}, a;’", then

the function WG is called a weighted geometric operator, where w =
(w1, w3, ..., wy) is the exponential weighting vector of a; numbers, with w; €

[01],j=12,..,n,and ¥, w; = 1.

The difference between these two operators is that the WG operator is much
more sensitive to the given arguments. Especially in the case where there is an

40



Fuzzy Information Aggregation in Insurance

argument taking the value of zero, the aggregated value of these arguments by
using the WG operator must be zero no matter what the other given arguments are.

Definition 8. Let OWA:R™ — R. If OWA, (a4, a,, ...,a,) = Z};l wj - bj, where
w = (wq, w,, ..., w,) is the weighting vector associated with the function OWA,
with w; € [0,1],j = 1,2,...,n, and X7_; w; = 1, and b; is the j-th largest of a;,j =
1,2,---,n, then the function OWA is called an ordered weighted averaging operator.
Definition 9.Let OWG:(R)"™ — R*. If OWG,(ay,ap, ., an) = [T}y b,
where w = (wy, w,, ..., wy,) is the exponential weighting vector associated with the
function OWG, with w; € [0,1],j =1,2,...,n, Xj_;w; =1, and b; is the j-th
largest of a;, j = 1,2, ...,n, then the function OWG is called an ordered weighted
geometric operator.

Definition 10.Leta; = (uq, ve;), i = 1,2,-+,n, a collection of intuitionistic fuzzy
numbers, and w = (wq, w5, ..., w,) the weight vector of «;,i = 1,2,...,n, with
w; €[0,1],i =1,2,..,n, and XL, w; =1, then [FWA,(ay,ay,..,a,) =
w10 B wya, B - D wya, is called an intuitionistic fuzzy weighted averaging
operator.

Definition 11. Letp,q = 0,p +q > 0,and a; = 0,i = 1,2,---,n, a collection of

1

ptq
. 1
non-negative real numbers, then BP9 (a4, ay, ..., a,) = (m Tiopap af)
i#j
is called the Bonferroni mean (BM).

Definition 12. Let p,q =0,p+q >0, and «;,i =1,2,...,n, a collection of
intuitionistic fuzzy numbers, and w = (w4, w5, ..., w,) the weight vector of a;,i =
1,2,...,n, where w; indicates the importance degree of «;, satisfying w; €
[0,1],i = 1,2,..,n,and Xi~; w; = 1, then

[ W

i ea [ .
IFBY Y (ay, ap, -+, an) = | ! | ij = 1((a)iai)p ® (a)jaj)q) | | s called

n-(n—1)
\ \ i #j

the weighted intuitionistic fuzzy Bonferroni mean (WIFBM).

Theorem 1. (Xu and Yager, 2011) The aggregated value using the WIFBM is an
IFN, and
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WIFBY Y (ay, ay, -, ay) =
n

(f o)
=||1—1_[(1—(1_(1_ﬂai)wi)p(1_(1_#“i)w])) l'
\ )

Lj=1

t
1- <1 ~ e (1= (=92 (1- vo‘j’j")q)m> ,

Proposition 3. If & = (4g,ve), @1 = (Hay Ve, ), and @y = (Ka,,Va,) are IFNs,
then

1) a= (Var .ua);

2) a;N\a, = (min{yai,yaz}, max{val,vaz});

3) a;Va, = (max{yal,uaz},min{val,vaz});

4) ayDa,= (.ua1 + Ua, = Hay " Hay Va, 'Vaz);

5 a1 Qa, = (.ua1 "Hay Va, T Va, = Va, 'Vaz);

6) Aa= (1 —(1- ya))‘,vﬁ;),l > 0;

7) at=(ph1-Q1A-v)*),1>0,
are IFNs.

For a multi-attribute decision making problem, let Y = {Y;,Y,,...,Y,} be a
finite set of alternatives, G = {G4,G>,...,G,,} a set of attributes, and w =
(w1, 3, ..., wp) the weight vector of attributes, where w; € [0,1], j = 1,2,...,m,
and Y7L, w; = 1. Suppose that the characteristics of the alternatives Y,i =
1,2,..,n, are represented by the IFNs. For convenience, let p;; = (tij, ﬁj) denote
the characteristic of the alternative Y; with respect to the attribute G;, where t;;
indicates the degree that the alternative Y; satisfies the attribute G;, and f;; indicates
the degree that the alternative Y; does not satisfy the attribute G;. Therefore, the
characteristics can be contained in an intuitionistic fuzzy decision matrix p =
(pif)nxm’ where ¢;; € [0,1],f;; € [0,1], and ¢;; + fi; < 1. If all the attributes
Gj,j =12,..,m, are of the same type, then the attribute values do not need
normalization. However, there are generally benefit attributes and cost attributes in
multi-attribute decision making. In such cases, we transform the attribute values of
cost type into the attribute values of benefit type, then the matrix p = (pi j)

nxm
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can be transformed into the intuitionistic fuzzy decision matrix R = (r;;)
where

nxm’

B ( B {pi j» for benefit attribute G,
rij = (uyjviy) = pij,  for cost attribute G;’
where p;; is the complement of p;;, and therefore 5;; = (fi, ti;)-

The proposed approach to multi-attribute decision making with intuitionistic
fuzzy information involves the following steps:
Step 1: Let Y, G, w and matrix p be defined as before. If it is necessary, we can
transform p into the normalized intuitionistic fuzzy decision matrix R.
Step 2: Utilize the WIFBM and IFWA operators to aggregate all the characteristics
of the i-th line, and calculate the overall attribute values rb;,ra; corresponding to
the alternative Y;, i = 1,2, ..., n.
Step 3: Based on Definition 5, rank all the alternatives Y;, i =1,2,...,n, in
accordance with values rb;, and respectively ra;, i = 1,2, ...,n. Calculate, as well,
the average scores for the mixed method, that is, the average of the scores obtained
using the operators WIFBM and IFWA.
Step 4: Rank all the alternatives in ascending order, and then select the most
desirable alternative.

4. Numerical illustration and conclusions

Example. We consider a complex insurance product offered by four insurers,
Y;, i =1,2,3,4. Suppose that there are three attributes: Gi: the(economic) cost,
G.: insurance coverage degree, Gs: credibility of insurer. The weight vector w of
the attributes is w = (0.3;0.3;0.4). The characteristics of the alternatives Y; are
represented by the IFNs, as shown in Table 1.

Table 1. The IFNs attributes G, G2, G; for the insurersY;, i = 1,2,3,4.
Gy G, G3

\ft

(0.3; 0.6)

(0.4; 0.5)

0.7, 0.2)

Y>

(0.3, 0.5)

(0.7, 0.2)

(0.4;0.3)

Y3

(0.5, 0.4)

(0.6; 0.4)

(0.5, 0.3)

Ys4

(0.3, 0.7)

(0.5; 0.4)

(0.3; 0.6)

We calculated the weighted intuitionistic fuzzy Bonferroni means, they are

given below:

WIFBMS'(Y,) = (0.245784; 0.687961),
WIFBMS(Y,) = (0.221964;0.344025),
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WIFBM3 (Y;) = (0.205709; 0.735848),

WIFBM3(Y,) = (0.202034;0.759500).
Therefore, the ranking isY, < Y; <Y; <Y,, where “<” denotes “be inferior to”,
and according to the order on Bonferroni means, the best alternative is Y,.

We calculated the intuitionistic fuzzy weighted averages, they are presented

below:

IFWA,(Y;) = (0.59736467;0.29733044),

IFWA,(Y,) = (0.53858907; 0.26564024),

IFWA,(Y;) = (0.50608595; 0.38120404),

IFWA,(Y,) = (0.50924289; 0.43153385).
Therefore, the ranking isY, <, Y3 <, Y, <, Y1, where “<,” denotes “be inferior
to”, and according to the order on weighted averaging, the best alternative is Y;.

Using the new method, called the mixt method, the third one, we have the next

score functions:

sm(Y;) = —0.07107123,

sm(Y,) = 0.07544391,

sm(Y;) = —0.20262805,

sm(Y,) = —0.23987852.
Therefore, the ranking isY, <,,4 Y3 <ma Y1 <mq Yo, where “<,,,” denotes “be
inferior to”, thus according to the order of the mixed method, the best alternative is Y.
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\ — -—@-- WIFBM: p
\ ! -=0--WIFBM: v
\ J —E— IFWA: 1

3 ] - —l— IFWA: v

_____
-

-

3 Iy

Figure 1. The values of the membership and non-membership functions.

Of the three rankings, two indicate the insurerY, as the best choice. We suggest
the use of the three methods for choosing the suitable alternative, in the case of our
example, the insurer.

So far we considered both the membership and non-membership degree. Let us
suppose we only take into account the membership degree, all the other
information in the example being unchanged. Table 2 presents the fuzzy numbers
attributes Gi, G,, Gs for the insurers Y, Y2, Y3, Ys. The last two attributes can be
considered as benefits for the possible client, while the first one is perceived as a
cost.

Table 2. The FNs attributes Gi, G, G; for the insurersY;, i = 1,2, 3, 4.
G, G, G,
Y. | 0.6 0.4 0.7
Y| 05 0.7 0.4
Ys| 04 0.6 0.5
Ys| 0.7 0.5 0.3
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If we work with the characteristics of the alternatives Y; represented by the
fuzzy numbers (FNs), as shown in Table 2, we obtain the following results.

The weighted fuzzy Bonferroni means are given below

WFBM3*(Y;) = 0.24578406,

WFBM3'(Y,) = 0.221964173,

WFBM3*(Ys) = 0.205710007,

WFBML(Y,) = 0.202034018.
Therefore Y, < Y; <Y, <Y¥;, thus, according to the order on Bonferroni means,
the best alternative is Y;.

We calculated the fuzzy weighted averages:

FWA,(Y;) = 0.597364672,

FWA,(Y,) = 0.538589069,

FWA,(Y;) = 0.506085957,

FWA,(Y,) = 0.509242897.
Therefore Y; <, Y, <, Y2 <, V1, thus, according to the order on weighted average,
the best alternative is Y;.

Using the mixt method we calculated the following score functions:

sm(Y;) = 0.421574366,

sm(Y,) = 0.380276621,

sm(Y3;) = 0.355897982,

sm(Y,) = 0.355638457.
Therefore Y, <pma Yz <ma Y2 <ma Y1, thus according to the order of the mixed
method, the best alternative is Y;.

The three rankings indicate the insurerY; as the best choice. With respect to the
first part of the example, the one in which we have considered the intuitionistic
fuzzy numbers, the choice of another insurer in the second case could be explained
by the smaller amount of information provided in Table 2.

5. Conclusion

The main purpose of the present paper was to develop a new fuzzy information
aggregation procedure which is based on a weighted intuitionistic fuzzy Bonferroni
mean and an aggregation procedure introduced by Xu and Yager in 2011.

This new method brings new insights in solving real-life problems insurance
companies may face while acting in a competitive market, where they want to be
selected by clients as the best alternative. Such situations can be modeled by a
multi-attribute decision making and selection of the insurance product or the
insurance company.

The illustrative example was designed to give a suggestive real-life situation of
four competing insurance companies offering a specific insurance product.
Possible clients have information on three attributes of those insurers: one is
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related to the economic cost, and the other two to some benefits granted. The
results show that, considering fuzzy numbers attributes, all procedures indicated
the same insurer as best alternative, while considering intuitionistic fuzzy numbers
attributes, the three procedures yielded different rankings. The additional
information brought by the non-membership degree to the intuitionistic fuzzy
numbers is the explanation to such a situation. Therefore, the proposed procedure
could be another instrument in the evaluation of the possible best alternatives as it
provides more refined alternatives for an insurance company.
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